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Abstract 

Let A and C be two unital simple C*-algebras with tracial rank zero. Suppose that C is amenable and 
satisfies the Universal Coefficient Theorem. Denote by KKe{C, A)^^ the set of those k for which k,{Ko{C)+ \ 
{0}) C Ko{A)+ \ {0} and k([1c]) = [1a]- Suppose that k € KKe{C,A)++ . We show that there is a unital 
monomorphism (j) : C A such that [(fi] = k. Suppose that C is a unital AH-algebra and A : T{A) Tf (C) 
is a continuous affine map for which T{it{[p])) — A(r)(p) for all projections p in all matrix algebras of C and 
any r G T{A), where T{A) is the simplex of tracial states of A and Tf (C) is the convex set of faithful tracial 
states of C. We prove that there is a unital monomorphism (f} : C ~* A such that (j) induces both k and A. 

Suppose that h : C ^ A is a, unital monomorphism and 7 G Hom(i('i (C), Aff(j4)). We show that there 
exists a unital monomorphism (f> : C ^ A such that [(j)] — [h] in KK{C, A), t o (j) — t o h for all tracial states 
T and the associated rotation map can be given by 7. Denote by KKT{C, A)'^^ the set of compatible pairs 
(k, a), where k £ KLe{C, A)"*"^ and A is a continuous affine map from T(^) to Tf (C). Together with a result 
of asymptotic unitary equivalence in [15], this provides a bijection from the asymptotic unitary equivalence 
classes of unital monomorphisms from C to A to {KKT{C, A)++ ,Rom{Ki{C), AS(T{A)))/TZo), where TZo is 
a subgroup related to vanishing rotation maps. 

As an application, combining with a result of W. Winter ([24]), we show that two unital amenable simple 
.Z-stable C*-algebras are isomorphic if they have the same Elliott invariant and the tensor products of these 
C*-aIgebras with any UHF-algebras have tracial rank zero. In particular, if A and B are two unital separable 
simple ^-stable C*-algebras which are inductive limits of C*-algebras of type I with unique tracial states, then 
they are isomorphic if and only if they have isomorphic Elliott invariant. 

1 Introduction 

Let A and B be two unital separable amenable simple C*-algebras satisfying the Universal CoefScient Theorem. 
It has been shown (see (T^j and [T7], also [5] and [5]) that, if in addition, A and B have tracial rank one or zero, 
then A and B are isomorphic if their Elliott invariant are isomorphic. There are interesting simple amenable 
C*-algebras with stable rank one which do not have tracial rank zero or one and some classification theorem have 
been established too (see for example [7], [^, [SOj and [5]). One of the interesting classes of simple amenable 
C*-algebras which satisfy the UCT are those simple ASH-algebras (approximate sub- homogeneous C*-algebras), 
or even more general, those simple C*-algebras which are inductive limits of type I C*-algebras. In the case of 



unital -2-stable simple ASH-algebras, if in addition, their projections separate traces, a classification theorem 
can be given (see [21] and [16]). More precisely, let A and B be two unital simple Z-stable ASH-algebras 
whose projections separate the traces. Then A ^ B if and only if {Ko{A), Kq{A)+, [1a], Ki{A)) is isomorphic 
to {Ko{B), Ko{B)+, [1b], Ki{B)) provided that Ki{A) are finitely generated, or Ki(A) contains its torsion part 
as a direct summand. ft should be noted that there are known examples that ASH-algebras whose projections 
separate the traces but have real rank other than zero. In particular, A and B may not have any non-trivial 
projections as long as each one has a unique tracial state (for instance, the Jiang-Su algebra Z). It is clearly 
important to remove the above mentioned restriction on iiT-thcory. The original purpose of this paper was to 
remove these restrictions. 

One of the technical tools used in the proof of [24 and 116] is a theorem which determines when two uni- 
tal monomorphisnis from a unital AH-algebra C to a unital simple C*-algebra A are asymptotically unitarily 
equivalent. In the case that A has tracial rank zero, it was shown in |15| that two such monomorphisms are 
asymptotically unitarily equivalent if they induce the same element in KK{C, A) and the same affine map on 
the tracial state spaces, and the rotation map associated with these two monomorphisms vanishes. It is equally 
important to determine the range of asymptotical unitary equivalence classes of those monomorphisms. In fact, 
the above mentioned restriction can be removed if the range can be determined. 

The first question we need to answer is the following: Let A and C be two unital simple amenable C*-algebras 
with tracial rank zero and let C satisfy the UCT. Suppose that K^KK^iC, A)'^^ ( i.e., those k, G KK{C, A) such 
that k{Ko{C)+ \ {0}) C 7^0(^)4- \ {0} with k([1c]) = [1a])- Is there a unital monomorphism </> : C — > A such that 
[0] — kI It is known (see ^) that if Ki{C) is finitely generated then the answer is affirmative. It was proved 
in [in] that there exists a unital monomorphism (j) : C A such that [(/>]— k = in KL{C,A). The problem 
remained open whether one can choose ip so that [0] = k in KK{C,A). It also has been known that there are 
several significant consequences if such </> can be found. 

The second question is the following: Let (p : C ^ Ahe a unital monomorphism and 7 G Hom(/t'i(C), Aff (T(A))). 
Can we find a unital monomorphism ^ : C ^ B with [ip] = [cp] in KK{C, A) and the associated rotation map is 
7? 

In this paper, we will give affirmative answers to both questions. Among other consequences, we give the 
following: Let A and B be two unital simple C*-algebras which are inductive limits of type I C*-algebras with 
unique tracial states. Suppose that 

(KoiA), KoiA)+, [1a],K,{A)) ^ {K^{B), K^{B)+, [1b],K^{B)). 

Then A and B are Z-stably isomorphic fsee 15.61 below). 

For the first question, as mentioned above, an affirmative answer was known for C with finitely generated K- 
theory. Passing to inductive limits, the first author showed in lOj that any strictly positive element in KL{C, A) 
can be lift for any unital AH-algebra C. However, since the KK-innctov is not continuous with respect to 
inductive limits, it remained somewhat mysterious how to move from KL{C, A) to KK{C, A) until a clue was 
given by a paper of Kishimoto and Kumjian ([8]), where they studied simple AT-algebras with real rank zero. 
The important advantage of simple AT-algebras is that their X-theory are torsion free. In this case a hidden 
Bott-like map was revealed. Kishimoto and Kumjian navigated this hurdle using the so-called Basic Homotopy 
Lemma in simple C*-algebras of real rank zero. We will take the idea of Kishimoto and Kumjian to the case that 
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the domain algebras are no longer assumed the same as the targets. More generally, we will not assume that C 
has real rank zero, nor will we assume it is simple. Furthermore, we will allow C to have torsion in its iiT-theory. 
Therefore, for the general case, the Bott-like maps involve the i^T-theory with coefficient and demand a much 
more general Basic Homotopy Lemma. For this we apply the recent established results in [M] and [15]. It is also 
interesting to note that the second problem is closely related to the first one and its proof are also closely related. 

We will consider the case that C is a general unital AH-algebra (which may have arbitrary stable rank and 
other properties even in the case it is simple (see, for example, [12], and Denote by Tf(C) the convex 

set of all faithful tracial states of C. Let k € KKe{C, A)^~^ and let A : T{A) Tf(C) be a continuous affine 
map. We say that A is compatible with n if A(t)(p) — t(k([p])) for all projections p in matrix algebras of C and 
for all r e T(A). We actually show that for any such compatible pair (k, A), there exists a unital monomorphism 
(j) : C A such that — n and 0x — A, where (/)t : T(yl) Tf (C) is the induced continuous affinc map induced 
by (f). It worth to point out that the information A is essential since there are examples of compact metric spaces 
X, unital simple AF-algebras and k G Ke{C, for which there is no unital monomorphism h such that [h] — k 

(see Furthermore, given a pair ([(/>], and 7 e IIom(iiri(C), Aff(T(A)), there is a unital monomorphism 

ip : C A such that {[ip], ipj^) = {[(/)], (p^) and a rotation map from Ki{C) to Aff(T(A)) associated with and ip 
is exactly 7. 

The paper is organized as follows: Preliminaries and notation are given in Section O In Section [31 it is shown 
that any element k G KKe{C, A)^~^ for which is compatible with a continuous affine map A : T{A) Tf (C) can 
be represented by a monomorphism a if C is a unital AH-algebra and ^4 is a unital simple C*-algebra with tracial 
rank zero. It is also shown that ii A ^ C, then a can be chosen as an automorphism. Then, in Section[4l we prove 
that, for any monomorphism l : C ^ A, one can realize any homomorphism ip from Ki{C) to Aff(T(yl)) as a 
rotation map without changing the KK-c\ass of t, that is, there is a monomorphism a : C — > A such that [t] = [a] 
in KK{C,A) and 77,,, „ — ip- Moreover, we also give a description of the asymptotical unitary equivalence class 
of the maps inducing the same KK-element. In Section [SJ we give an application of the results in the previous 
sections to the classification program. Combined with the work (23] of W. Winter and that of [T5] , it is shown 
that certain ^'-stable C*-algebras can be classified by their iiT-theory information. 

Acknowledgments. Most of this research were conducted when both authors were visiting the Fields Institute 
in Fall 2007. We wish to thank the Fields Institute for the excellent working environment. The research of second 
named author is supported by an NSERC Postdoctoral Fellowship. 

2 Preliminaries and Notation 

2.1. Let A be a unital stably finite C*-algebra. Denote by T{A) the simplex of tracial states of A and denote by 
Aff(T(A)) the space of all real affine continuous fmictions on T{A). Suppose that r G T{A) is a tracial state. We 
will also use r for the trace r (g) Tr on Mk{A) — A(i^ Mfe(C) (for every integer fc > 1), where Tr is the standard 
trace on Mfe(C). A trace r is faithful if T(a) > for any a G ^4+ \ {0}. Denote by Ti{A) the convex subset of 
T{A) which consists of all faithful tracial states. 
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where Mk{A) is regarded as a C*-subalgebra of Mk+i{A) by the 



k=l 
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embedding 



Define the positive homomorphism pA ■ -^o(^) — > Aff(T(A)) by Pa{\p]){t) = t{p) for any projection p in 
Mfc(A). We also denote by S(A) the suspension of A, U(A) the unitary group of A, and Uo(A) the connected 
component of U(A) containing the identity. 

Suppose that C is another unital C*-algebra and (j) : C ^ A \s & unital *-homomorphism. Denote by 
■ T(A) — *• T(C) the continuous afhne map induced by cj), i.e., ^t(t)(c) = r o (/)(c) for all c € C and r € T(74). 

Definition 2.2. Let ^ be a unital C*-algebra and let B C A be a unital C*-subalgebra. For any u G U(^), the 
*-homomorphism Ad(M) is defined by 

Ad(w) : B 9 6 i-» u*bu e A. 

Denote by lnn{B,A) the closure of {Ad{u); u G U(A)} in Hom(S, ^4) with the pointwise convergence topology. 
Note that Taa{A) C \aR{B, A). 

Definition 2.3. Let A and B be two unital C*-algebras, and let and (j) be two unital *-monomorphisms from 
B to A. Then the mapping torus M^^^ is the C*-algebra defined by 

M^,^ := {/ e C([0,1],^); /(O) = ip{b) and /(I) = 0(6) for some b G B}. 

If _£? C ^ is a unital C*-subalgebra with t the inclusion map, then, for any unital *-monomorphism a from B 
to ^, wc also denote M^.q by M^. 

For any V', </< G Hom(i?, A), denoting by ttq the evaluation of M^^^ at 0, we have the short exact sequence 

^ S(^) M^,^ B > 0, 

and hence the six-term exact sequence 



K,{B) ^j— K,{M^,^) ^ MSiA)). 

If [^/j]* = [(/)]*, (in particular, ii B C A and a G Inn(i?, A)), then the six-term exact sequence above breaks down 
to the following two extensions: 

%(Mv,,^) : > Ki{A) ^ Ko{M^,4,) > Ko{B) ^ 0, 

and 

r?i(Mv,,^) : > Ko{A) ^ K^{M^,4>) > Ki{B) ^ 0. 

Moreover, if [ip] = [(p] in KL{B,A), the two extensions above are pure. 
2.4. Suppose that, in addition, 

TO(l) = Toip ioi all T eT{A). (2.1) 
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For any piecewise smooth path u(t) G the integral 

defines an affine function on T(j4), and it depends only on the homotopy class of u{t). Therefore, it induces a 
map, denoted by i?^,^, from Ki{Ma) to Aff(T(A)), and we call it the rotation map. The map i?^,^ is in fact a 
homomorphism . 

2.5. If p and q be two mutually orthogonal projections in M/(^) for some integer I > 1, define a unitary 
u e U(M;^))) by 

u{t) = (e2"*p + (1 - p))(e-2-*g + (1 _ q)) for t G [0, 1]. 

One computes that 

Note that if v{t) G M;(SA) is another piecewise smooth unitary which is homotopic to u{t), then, as mentioned 
above. 

It follows that, for any two projections p and q in Mi{A), 

R^A^iiM - = rip) - T(q) for aU r G T(A). 

In other words, 

R^M[p\~m = PA{[p\-[q]). 

Thus one has, exactly as in 2.2 of [S^, the following: 

Lemma 2.6. When ^2.1} holds, the following diagram commutes: 

Pa\ / Rci>,ip 

Aff(T(A)) 

Definition 2.7. Let A and C be two unital C*-algebras and let (p^ip : C ^ Ahe two unital homomorphisms. 
We say that and -0 are asymptotically unitarily equivalent if there exists a continuous path of unitaries {u{t) : 
t G [0, oo)} such that 

lim Ad(u(t)) o (j){c) = ^jj{c) for all c G C. 

t — ^oo 

Definition 2.8. Let A be a unital C*-algebra and let C be a separable C*-algebra which satisfies the Universal 
Coefficient Theorem. By of Dadarlat and Loring, 

KL{C,A) = HomA(^(C),^(A)), (2.2) 

where, for any C*-algebra 

oo 

K{B) = {Ko{B) ® Ki{B)) ® (0(ifo(S,Z/nZ) ©i^i(B,Z/nZ))). 
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We will identify the two objects in (|2.2p . Note that one may view KL{C, A) as a quotient of KK{C, A). 
Denote by KL{C, A)++ the set of those R e HoniA (i^(C), X( A)) such that 

ii{Ko{C)+\{0})CK+{A)\{0}. 

Denote by KLe{C,A)++ the set of those elements fi G KL{C,A)++ such that k([1c]) = [Ia]- 

Suppose that both A and C are unital and T(C) ^ and T{A) ^ 0. Let A : T{A) T(C) be a continuous 
affine map. We say A is compatible with R if for any projection p G Moo{C), one has that A(t)(p) = t(k([p]) for 
all T e T{A). 

Denote by KLT{C,A)++ the set of those pairs (k, A), where R £ KLe{C,A)++ and A : T{A) Tf(C) is a 
continuous affine map which is compatible with R. 

Definition 2.9. Denote by KK{C, A)^^ the set of those elements k G KK{C,A) such that its image R is in 
KL{C\A)++. Denote by KKe{C,A)++ the set of those k G KK{C,A)++ for which R G KLe{C,A)++. 
Denote by KKT{C,A)++ the set of pairs (k, A) such that (R, X) G /i'LT(C, 

2.10. Let A and S be two unital C*-algebras. Let h : A B he a, honiomorphism and v G U(B) such that 

[h{g), v] = for any g £ A. 

We then have a homomorphism h : A® C(T) B hy f ® g ^ h{f)g{v) for any f £ A and g G C(T). The tensor 
product induces two injectve homomorphisms: 

■.Ko{A)^Ki{A®C{T)), 

and 

The second one is the usual Bott map. Note, in this way, one writes 

K,{A ® C(T)) - K,{A) © 

We use /3W : K,{A C(T)) ^ /3(^-i)(ii',(A)) for the projection. 

For each integer fc > 2, one also have the following injective homomorphisms: 

PI"^ : K,{A,Z/kZ) ^ K,_i{A(S>C{T),Z/kZ), i^O,l. 

Thus, we write 

C(T),Z/fcZ) = K,{A,Z/kZ) ® (3'^'-^\K,^i{A),Z/kZ). 

Denote by /3['^ : K^{A ® C(T),Z/fcZ) ^ Z/fcZ) similar to that of If a; G we use (3{x) 

for /3(*)(a;) if a; G Ki{A) and for /3^'^(a;) if x G K,{A,Z/kZ). Thus we have a map /3 : ^ K{A ® C(T)) as 

weU as 3 : ® C(T)) ^ /3(K). Therefore, we may write K{A ® C(T)) = K{A) © /3(X(A)). 
On the other hand, h induces homomorphisms 

h„^k ■■ K,{A ® C(T), Z/fcZ) ^ Z/fcZ), 

A: = 0,2, and i^O,l. 
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We use Bott(/i, v) for all homomorphisms 0/3^ , and we use botti(/i, v) for the homomorphism /ii^go/?^^'' ^ 
i4ri(yl) Kq{B), and botto(/i, "y) for the homomorphism /io,o ° /S^"^ : -ft^o(^) ^ Ki{B). We also use bott(M, w) for 
the Bott element when [m, u] = 0. 

2.11. Given a finite subset V C i^(^), there exists a finite subset T <Z A and 5o > such that 

Bott(/i,i;)|-jD 

is well defined if 

\\[h{a),v]\\<5^ 

for all T. See 2.11 of ^15' and 2.10 of [H] for more details. 

Definition 2.12. A unital simple C*-algebra A has tracial rank zero, denoted by TR(A) = 0, if for any finite 
subset J- <Z A^ any e > 0, and nonzero a € v4+, there are nonzero projection p ^ A and finite dimensional 
C*-subalgebra F with Ip = p, such that 

1- II [2;, p]|| < e for any x ^T, 

2. for any a; £ JF, there is S F such that \pxp — x'\\ < e, and 

3. 1 — p is Murray- von Neumann equivalent to a projection in aAa. 
2.13. Finally, we will write a «e 6 if ||a — 6|| < e. 



3 KK-lifting 

Let ^ be a unital C*-algebra. Fix < 5^ < min{(5i, 62} where 5i and S2 are the constant of 5 of Lemma 9.6 and 
Lemma 9.7 of [15] respectively. Note that is universal and 6^ < 1/A (therefore, the Bott element bott(u,w) is 
well-defined for any unitaries u and v with ||[u,w]|| < S'^'). For some integer / > 1, let z be a unitary in Mi(A), 
and let U(t) be a path of uniaries U{t) e C([0, 1],U(M;(A))) with U(0) = 1 and || [J7(l), z] || < 5?, we have that 

U{l)zU*{l)z* = exp(iw) 

where lu = (l/i)(log(C/(l)zt/*(l)z*)) e A^.a- Define the element p{U,z) as follows: 

ju{{8/7)t)zU*{{8/7)t)z* for all t £ [0,7/8]; 
|exp(i8(l - t)Lu) for all t e [7/8, 1] 

Then, p(J7, z)(i) defines a loop of unitaries in A, and this gives a well-defined clement in Ki{S{A)) = Ko{A). 

Remark 3.1. For a path of uniaries U{t) e C([0, 1], U(M;(A))) for some integer / > 1. Denote by 

If [/(O) = 1 and II [[/(I), z] II < (5P, then 5(0) = 1 and ||[5(1),Z]|| < ^P, and we can consider the isT-element [p(5,Z)] 
and we have 

[p(5,Z)] = [p(C/,z)] + [p((7*,z)]. 



p(t/,z)(t) 
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Denote by 



where 



^) sin(^) 



^ -sin(^) cos{^) J 

Then one has that R{t,0) = S{t), R{t,l) = 1, and for any s G [0,1], R{0,s) = 1 and || s), Z] || < 25^. 
Therefore, the path p(5, Z)(t) is homotopic to the identity in M2(S(A)) by a small perturbation of 

W{t,s) R{t,s)ZR*{t,s)Z\ 

and hence 

[p((7,^)] + [p(C/*,z)] = [p(5,Z)]=0 in K,iS{A)). 

Lemma 3.2. Let U{t) and V{t) he two continuous and piecewise smooth paths of unitaries. Let z\ and 
he unitaries in A with || [C/(l), zi] || < and || Z2] || < (5^. // [p(?7, zi)] = [p(y,Z2)], then one has that 

bott(C/(l),zi) = bott(y(l),Z2). 

Proof. Consider the path of unitaries 

S{t)^dia.g{U{t),V*{t)) 

and the unitary 

Z := diag(zi, Z2) 

in M2{A). By Remark |3. II one has 

[p(F*,Z2)] + [p(F,Z2)]=0, 

and hence 

[p(5*,^)] = [p(;7*,zi)] + [p(V,Z2)]=0. 

Therefore, p{S*,Z) is homotopic to the identity in a matrix algebra of (S(A)). Hence, passing to the matrix 
algebra if necessary, there is a continuous path of unitaries W{t, s) such that W{t, 0) = 1 = W{t, 1) for any 
t e [0,1] and W{l,t) =p(5*,Z)(t) for any t e [0,1], and W{t,l) = 1. 
Note that p{S*, Z){t) = S*{^t)ZS{^t)Z* for t e [0, 7/8] and 

||p(5*,Z)(7/8)-ll|<<5P. 

Thus, by Lemma 9.6 of [15], 

= bott(S'(l), Z) = bott(l/(l), zi) - bott(V^(l), Z2), 
as desired. □ 

Lemma 3.3. Let U(t) and V{t) be two continuous and piecewise smooth pathes of unitaries. Let zi and zi he 
unitaries in A with \\[U{t),zi]\\ < and \\[V{t),Z2]\\ < . // bott([/(l), zi) ~ bott(F(l), Z2), then one has that 

[p(C/,Zi)]-[p(F,Z2)]. 
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Proof. Consider the path of unitaries 

W{t) :=diag(t/(t),y*(i)) 

and unitary 

Z -.^ diag(2:i,Z2) 

in M2{A). Then, one has that bott(VF(l), ^ bott(C/(l), zi) - bott(T^(l), za) = 0. By Lemma 9.7 of [T5l, one 
has 

[p{W*,Z)]^0, 

and hence 

[p(C/*,zi)] + [p(F,Z2)] =0. (3.1) 



On the other hand, by Remark l3.ll 

[p{V*,Z2)] + [p{V,Z2)]^0. 

Together with ()3.ip . one has 



[p([/,Zi)] = [p(V,Z2)], 

as desired. □ 

3.4. Denote by C(y4) the subset of ii'i(S(A)) consisting of [p(L/, for a path of unitaries [/(t) G C([0, 1], M((A)) 
and a unitary z G M;(yl) for some / > 1 with || [C/(l), z] || < . It is easy to verify that C{A) is a subgroup. It 
foUows from Lemma [3?2] and Lemma [3.31 that there is an injective map A : C{A) Ko{A) defined by 

A : [p(f/,z)] ^ bott(t/(l),z). 

Moreover, the map A is a homomorphism. 

Lemma 3.5. Consider a path of unitaries U{t) £ C([0, 1], Moo(A)) with U{0) = 1 and \\[z,U{l)]\\ < . Then 
we have 

r([p(;7,z)]) = T(botti((7(l),z)) 

for any r G T{A) if one considers [p(C/, z)] as an element in Kq{A) = Ki{S{A)). In other words, r(A(/i)) = 
for any h G C{A). 

Proof Denote by w = U{l)zU*{l)z*, and note that [p(C/,z)] G Ki{S{A)) = Ko{A). Denote by 

r(t) =exp(log(u;)(l-t)). 
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We then have that fsee l2.5p . for any t eT{A), 

r(p(C/,z)) = -L f^\iiUm7)t)zU*{{8/7)t)z*y{zUii8/7)t)z*U*a8/7)t))dt 
2,111 ' 





1 

1 



1 

T(r(8(t - 7/8))r*{8{t - 7/8)))dt 



27ri Jq 



7/8 

7/8 

T{{U{{8/7)t}zU*{{8/7)t)nu{{8/7)t)z*U*{{8/7)t))dt 



2m 



+ 1^ / r{i{8{t - 7/8))r*{8{t - 7/8)))dt 



7/8 



1 

— / T{r{8{t-7/8))r*{8{t-7/8)))dt (by Lemma 4.2 of [H]) 

7^* J7/8 



2 
1 

27ri 



7/8 
T(log(w)) 



= r(bott(;7(l), z)) (by Theorem 3.6 of ^15]), 
as desired. □ 

Definition 3.6. Let A be a unital C*-algebra with T(yl) 7^ 0. We say that A has Property (Bl) if the following 
holds: For any unitary z G U(Mfe(A)) (for some integer fc > 1) with sp(z) = T, there is a non-decreasing function 
1/4 > 5z{t) > on [0, 1] with 5^(0) = such that for any x e A'o(A) with \t{x)\ < 6z{e) for aU r e T{A), there 
exists a unitary u E Mk{A) such that 

II [u, z]|| < minje, -} and botti(u, z) — x. (3-2) 

Let C be a unital separable C*-algebra. Let 1/4 > Ac{t,!F,'Po,'Pi,h) > be a function defined on t e [0, 1], 
the family of all finite subsets !F C C, the family of all finite subsets Vq C Ko{C), and family of all finite subsets 
Vi C Ki(C), and the set of all unital monomorphisms h : C ^ A. We say that A has Property (B2) associated 
with C and Ac if the following holds: 

For any unital monomorphism /i : C — > ^, any e > 0, any finite subset J- <Z C, any finite subset Vq C Ko{C), 
and any finite subset Vi C Ki{C)., there are finitely generated subgroups Go C Kq{C) and Gi C Ki{C) with 
Qq and Qi the sets of generators respectively and Vq C Go and Vi C Gi satisfying the following: for any 
homomorphisms feo : Gq ^ Ki{A) and 61 : Gi — ^ Ko{A) such that 

|ro6i(g)| < Ac(e,.F,7'o,^i,M (3.3) 
for any g E Gi and any t G T(A), there exists a unitary u G V{A) such that 

botto(/i, u)\-pg = foolPo: botti(/i, u)|pi = fei|pi and (3-4) 
||[/i(c), m]|| < e for all c e J*^. (3.5) 

Remark 3.7. Note that in the definition of Property (B2), bo and bi are defined on Go and Gi, respectively, not 
on the subgroups generated by Pq and Vi - One should also note that if A has Property (B2) associated with any 
C*-subalgebra C(T), then A also has Property (Bl). 
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Remark 3.8. Let ^ be a C*-algebra with Property (B2) associated with C and Ac{t, J^jVqj'Pi, h). Then the 
function and the subgroups Go and Gi can be chosen so that they only depend on the unitary conjugate class 
of the unital embedding h. 

Indeed, pick one representative h\ for each conjugate class of the unital embedding of C to A, and define the 
function 

A'^{t, T, Vq, Vi,h) = A^{t, T, Vq, Vi, hx) 

where hx is in the unitary conjugate class of h. It is clear that only depends on the conjugate class of h. Let 
us show that A has Property (B2) associated with C and A^ and Go and Gi can be chosen so that they only 
depend on hx. 

Fix a unital monomorphism h : C ^ A, any £ > 0, a finite subset C G, a finite subset Vo C Ko(C), and a 
finite subset Vi C Ki(C). There is a unitary w E A such that Ad(w) o h = hx for some A. 

Since A has Property (B2) associated with G and Ac, there are finitely generated subgroups Go C Kq{C) 
and Gi C Ki{C) with Qo and Gi the sets of generators respectively and Vq C Gq and Vi C Gi satisfying the 
following: for any homomorphisms 60 : Go — > Ki{A) and 61 : Gi ^ Ko{A) such that 

\Tobi{g)\< A^{e,J^,pQ,Pi,hx) (3.6) 
for any g G Qi and any r € T{A), there exists a unitary u G U{A) such that 

botto(/iA, u)\-pg = &o|-Po' botti(/iA, = and (3.7) 

\\[hx{c), u]\\<e for all cgJ". (3.8) 

Then, 

hotto{h, wuw*) = botto(/iA, u)\-p„ = bo\-p„, hotti{h,wvw*) = botti(ft,A, u)\-p-^ = (3-9) 

and \\[h{c), wuw*]\\ < e for all c G JP". (3.10) 

In other words, A has Property (B2) associated with A^. Therefore, we can always assume that the function 
Ac and the subgroups Go and Gi only depend on the conjugate classes of embeddings of G into A. 

Lemma 3.9. Let A be a unital C*-algebra which contains a positive element b with sp(6) = [0,1], and assume 
that A has Property (Bl). There exists 5 > such that for any a G Ko{A), if |r(a)| < 6 for any t G T(j4), then 
one has 

a=lp{U,z)]GKi{S{A)) 

for some unitary z G Mk{A) (for some k > 1) and some U{t) G C([0, l],U(M/j(A))) with U{Q) = 1 and 
\\[U{l),z]\\ < JP. In other words, a G C{A). 

Proof. Since A has Property (Bl), for any 1/4 > £ > and any unitary ^ in a matrix of A with sp(2;) = T, there 
is a non-decreasing positive function 5z{t) such that if a G Ko{A) with |r(a)| < 5z{£) for any trace r, then there 
is a unitary u in the matrix of A such that \\[u, z]\\ < e and botti('U, z) = a. 

For any s, there is Se{s) such that if |a; — y| < S^is) with x,y G {c G C; |c — 1| < ^}, one has that 
|log(a;) — log(y)| < s. We also regard 6e{£) as a positive function of s with 5e{0) = and Se{£) > if £ > 0. 
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For any natural number k and any e > 0, define 
A,(£,fc) 



min{<5,(iA,(£, k - 1)), \8,{\^,(e, k - 1)), JP, e} if > 2, 
min{(52(e),(5P} if fc = 1. 



It is a positive function of e and fc with A2(e, fc) > if e > 0. 

Fix < £ < 1/12. Then, there exists m e N such that there there is a partition = <o < < • • • < 
<t^ = \ such that for any W{t) = (e^^V + (1 - p))(e-27rjt^ + (1 - q)) £ Uoo(S(A)) where p and g are any 
projections, one has that — < e for each 1 < i < m. Fix this partition. 

Let zq = exp(i27r&). Since sp(fe) = [0, 1], zq is a unitary in A with sp(zo) = T. Denote by 

^ = i min{A,„ (£, 2m), A,„(£, 2™ - 1), A,„(£, 1)}. 

Let a be an element in A'o(A) with \T(a)\ < S for any t e T(A). Without loss of generality, we may assume 
that a — [p] — [q] for some projections p, q & Mk{A) for some integer k >1. Note that 

|r(p) -r(q)| < S. 

Put Wo(i) = (e^"*p+ (1 -p))(e~2"*g+ (1 - g)). To simplify notation, by replacing A by Mfe(A), without loss of 
generality, we may assume that p,q E A and WQ{t) G A for each t G [0, 1]. 

It follows from Lemma 8 of 19J that, for some large n > 1, there is a unitary Vt G Mn+i{A), for each t G [0, 1], 

\\V;zVt-W{t)z\\<5/2, (3.11) 

where 

71 

and 

z = diag(zo,w,w^,...,w"). 

and where uj = e2iri/Ti+i^ 

We assert that one can find unitaries Vo,Vi, Vm such that 

\\VizV* - W{ti)z\\ < A^„(£, 2m + 1 - 2i) for any < i < m, 

and 

botti(V4;^T/,, z) = for any < i < m - 1. 

Assume that the unitaries Vo,Vi, ...,Vi satisfy the condition above. As indicated above, one can find a unitary 
Vi+i such that 

\\V,+izV*+i - W{h+i)z\\ < min{i<5e(^A,„(£, 2m - 2i)), ^A,^{e, 2m - 2i - 1)}, 

and denote 

:= hotti{V*^iVi,z). 
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By Theorem 3.6 of [TS], one has that for any r G T{A) 

= ^|r(log(z*F;+iF,zF;y,+i))| 
= ^\T{log{V,+^z*V*_,,V,zVn)\- 

Note that 

\\V,+iz*V*+^V,zV* - z*W*{U+i)W{U)z\\ < ^d,{^A,„is, 2m - 2i)) + A,,{e, 2m - 2z + 1) 



Therefore, we have 



and hence 



\\ogiV^+iz*V;+,V,zVn-iog{z*W*{U+i)W{U)z)\\ < iA,,(£,2m-2z), 



< ^\T{\og{W*{U+,)W{U)))\ + ^A,„{e,2m~2^) 
= ^it^+l - U) \{t{p) - T{q))\ + iA,„(e,2m - 2i) 

< (e, 2m - 2^) < S,,{^A,„ (e, 2m - 2^ - 1)). 
Since A has Property (Bl), there is a unitary v'^^i 6 A such that 

\\vi+lZo{v'^_^_^)* - zo\\ < ^Azg{e,2m - 2i - 1) and botti(w-+i, zq) = &i. 

Set 

v,+i =diag(u^_^^,l,...,l). 

We then have 

\\v,+lzv*_^_^ - z\\ = ||u-+iZo(wi+i)* - zo\\ < ■^A^g{e,2m - 2i - 1) 

and 

botti(?;i+i,2:) = botti(v-_,_i, zo) = h- 

Therefore 

\\{V^+iv,+i)z{v*+,V*+,) - W{U+i)z\\ < ^A,,ie, 2m-2i-l) + \\V^+lzV*^, - WiU+i)z\ 

< A,,{e,2m~2i~l) 

and 

hotti{{v*^^V*^^)V„ z) = botti«+i,2:) + botti(F4iV^,,z) = 0. 

By replacing Vi+i by V^i+iUi+i, we proved the assertion. 

Then, for each Vi and Vi+i, there is a path of unitary V'^^^t) such that 

\\[v^'\t),z]\\ < s, W')(o) = 1, = v:+,v,. 
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By setting U'^'^t) = - t), we have that 

t/«(0) = y„ C/«(l) = F,+i, 

and for each t, 

U^'^t)z{U^'^t)y - Wit)z = - t)z{V'^'^{\ - - W{t)z 

< e+\\V,+izV*+i~W{t)z\\ 

< 2e<\. 
~ ~ 4 

By connecting all U''^\t), we get a path of unitary U{t) such that for any i, 

1 



In particular, 



Moreover, 



as desired. 



\U{t)zU*{t) - W{t)z\\ < 

a=[W^(t)]i = [p(C/,z)]. 
|[C/(l),z]|l = ||[K.,z]|l<5P, 



□ 



Corollary 3.10. Let A be a unital separable simple C*-algebra with TR(j4) = 0. Then there exists 5 > Q such 
that for any element a G Kq{A), if |r(a)| < 5 for any r G T(A), then one has 

a=[v{U,z)]^K,{S{A)) 

for some unitary z £ Mfe(A) and some U{t) £ C([0, 1], U(Mfe(A))) (for some k > 1) with U{0) = 1 and 
||[C/(l),z]||<5P. 

□ 



Proof. By Lemma 5.2 of [15^, A has Property (Bl). Then, the statement follows from Lemma [ 

Corollary 3.11. Let A be a unital separable simple C*-algebra with TR(A) — 0. Then C{A) = Kq{A). 

Proof. Denote by 5 the constant of CoroUarv 13.101 For any a G Kq{A), since Kq{A) is tracially approximately 
divisible (see Definition 13. ISp . one has 

a = ai + 02 + • • • + a„ 

with |T(ai)| < 5 for each 1 < z < n. Therefore, Oi G C{A). Since C{A) is a group, one has that a G C{A), as 
desired. □ 

Definition 3.12. For any unitary u in a C*-algebra A, denote by R{u,t) the unitary path in M2{A) defined by 



R{u,t) 
Note that 



w \ / cos(f ) sin(f ) \ I u* \ I cos(f ) -sin(f ) 
1 M -sin(f ) cos(f ) Mo 1 ] I sin(f ) cos(f ) 



, iG[0,l]. 



i?(u,0) 



1 
1 



and R{u, 1) 



u 

u* 
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Lemma 3.13. Let A be a unital C*-algebra. Let B C A be a unital separable C*-subalgebra. Write 

Ko{B)+ = {ki, k2, kn, ...} 

and 

Ki{B) = {/ll,/l2, ■■■,hn, ...}, 

and denote by Kn —< /ci, fc„ > the subgroup generated by {ki, ...,kn}, and by Hn =< hi, ...,h„ > the subgroup 
generated by {/ii, /i„}. Let {Ti} be an increasing family of finite subsets whose union is dense in B. Assume 
that for each i, there exist a projection Pi £ Mr^{J^i) and a unitary Zi £ Mr.(^i) with \pi\o = ki and [zi\i = h^. 
Let {un} be a sequence of unitaries such that 



< 



for any a G Mr„ [w^J^nWn), where Wn = ui ■ ■ ■ u„ and u^^^^ = diag(M;j, Uk,---, Wfe)- Then 

a = lim Ad(u;„) 

n—*oo 

defines a monomorphism from B to A, and the extensions r]o(Ma) and r]i{Ma) are determined by the inductive 
limits 

^Kn+i K) 



and 





tT.,n+l 



Ki{A) 



-K^iA) 



n+l- 



-^Ko{A) e Hn * 

respectively, where -f^'-^n^ -f^i(^) defined by ki ^ {(WnPiW*n)Un+\{WnPiWn) + (1 - w*PiW„)] and 7^ : iJ„ 
Kq{A) is defined by hi ^-^ [Tp{R*{un+i,t),WnZiWn)]- 

Proof. It is clear that we may assume that r„ < Tn+i, n = 1, 2, ... 
Note that for any a G J^n, 

k 

||Ad(w„+fc)(a) - Ad(«;„)(a)|| < ^ ||Ad(uiU2 • • •u„+i)(a) - M{uiU2 ■ • • u„+i_i)(a)|| 

i=l 

< E^<-- 

— / ^ On+z — On 



i=l 



Therefore hmAd(i(;„) exists if n ^ 00. Denote by a„ = Ad(w„), and denote its hmit by a. Note that a is a 
monomorphism. Moreover, 



[a] = [i] in KL{B,A), 



(3.12) 
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where i : B ^ A is the embedding. It follows that the six-term exact sequence in 12.31 splits. 

To simplify notation, without loss of generality, in what follows, we may replace a (X" idM^. by a, a„ (Ei idivi^ 
by a„, Un"'' by w„, and Wn"'' by Wn respectively (and write pi ^ A). 

Consider KQ{Ma{A)) first. Fix n, and note that 

\\an{pi) - a{pi)\\ < i, for any 1 < j < n. 



Therefore, for each i, there is a unitary Vi with \\vi — 1|| < 5 such that a{pi) = v*an{pi)vi. In particular, there 
f pr 

homomorphism ^pn'' : Ki{A) © Kn ^ Ko{Ma) defined by 



is a path of projection with r-"^(0) — a„(pi), = a{pi), and r^"'\t) — a{pi) 



< i. Then there is a 



where p/"^ (t) is the path 

(„) _ / R*{wn, 2t)p^R{wn, 2t) < t < i 



and [Q{t)] G Xo(S(^)). Since [ttJo o ^/ji^^ = id_R-„, the map ipn^ is injective. 
We then have 

[p.]) - ([QW], [p.]) = (t)] - [Pt\t)] e i^o(S(A)). (3.13) 

Moreover, it is easy to see that 

[Pt^'\t)] - [Pt\t)] = [R*{un+,,t)w*^p,w^R{u,,+,,t)] - [w^p.wn] G Ko{S{A)). 
Define homomorphism V^^^i+i : ^i(^) ® ~* Ki{A) © iir„+i by 

: (QW, - mt)] + ([/^^"^(t)] - [/^/"+'^(i)]), [Mm- 

By the construction we have that V'i+i ° V-'i*'i+i — V'n'''- Thus, we obtain a homomorphism 

V-f") : lim(i^o(M„J,i^„,„+i) ^ /^o(M„(A)). 

Let us show that V'^^-' is surjective. For each projection p(t) e A/q,, we can assume that [p(0)]o ~ h = [pi]o G -fi'n 
for some i < n, and if denote by v the partial isometry with v*piV — p{0), then ||u'*?;t(j„ — v\\ < i. Then there is 
a path of partial isometrics v{t) £ Ma such that v{Q) — v and w(l) — a{v). Then 

/.:=[p(t)]-[«*(t)/^(")(tHt)] 

is an element in Ko{S{A)) and [p(t)]o — i^'^^Hh,ki). Therefore V'*'°'' is surjective. The injectivity of t/;'^*'^ follows 
from the injectivity of each V'n'^- Thus, ip^^^ is an isomorphism. 
Let us show that has the desired form. 

Consider the invertible element c = {w^piWn)un+i{w^piWn) + (1 — {''^nPi'^n)) G A (which is close to a unitary). 
Let us calculate the corresponding element in 8(^4). Consider the path 

/ KP^Wn \ / <PjW„ \ , / 1 - KP^Wn \ 

\ W^PiWn I V W^PiWn J \ 1 - W^PiWn I 
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Note that Z{0) = diag(l, 1) and Z(l) = diag(c,c*) and Z{t) is invertible for any t with \\Z*{t)Z{t) - 1|| < ^. 
Let 



eit) = {Z*it)Z{t)r^Z*{t) 



1 




z{t){z%t)z{t))-^. 



Then the element in Ko{S{A)) which corresponds to c is [e] — [ 



1 




]. However, since 



W^PiWn 

a direct calculation shows 

W*nPiWn 



,R{Un+l,t) 



< 2||[<ftW^„,W„+l]|| < ^, 



e{t) 



-2/(2"-!) 



+ 



W^PiWn 
1 - W*PiWn 



R* (u„+i,i) 







R{Un+l,t) 



WnPiWn 
wlPiWr, 



^2/2" -R*(^in+l,i) 



y 

WnPiWn 



WnPiWn \ / wlpiWn 







+ 



WnPiWn 
1 - W^PiWn \ 







W^PiWr, 



R{Un+l,t) 



= R*iUn+l,t) 

and therefore, for n > 2, 



y 

WnPiWn 



1 









[R*{un+i,t) 



R{u„+i,t) + 



W*^PiWn 



1 - WnPiWn 





W^PiWn 





0^ 

= i)w>i-u;„i?(w„+i, f)] - [w^PiWn] 

Therefore, the corresponding element of [Pi"^^\t)] — [Pi"'\t)] in Ki{A) is 

(w>iW„)u„+i(w>iW„) + (1 - {w^PiWn)), 

and hence the map V'i^i+i has the desired form. 

Now, let us consider Ki{Ma). For each n, consider the unitaries {zi; 1 <i < n}. Note that 



\a{zi) - a„{zi)\\ < — 



for each i. Then, there are paths of unitaries s-"^ such that sY^'{0) = Q!„(v,), sY^'{1) = a{vi), and 



< 



2"-i 



for each t e [0, 1]. Define a homomorphism V'n ^ : -ft'o(^) ® H„ —>■ Ki{Ma{A)) by 
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(n) 

where is the path 



(„),,,! R*{Wn,2t)z,R{Wn,2t) 0<t<i 



and S{t) is a unitary in Uoo(S(A)). 
We then have 

= [p(i?*K+i,t),<z;,m„)] e i^i(S(A)). 
Define homomorphism V-'i^i+i : -f^o(^) ® H„ Ko{A) © by 

By the construction we have that V'i"'^! ° V'i^i+i = i'ri'^- Thus, there is a homomorphism 

V'(^) : lnn(i^o(M„J,i^„,„+i) ^ Ko{M^). 

By the same argument as that for Ko{M)a, the map ^^^"^ is an isomorphism, and moreover, it has the desired 
form. □ 

3.14. Let 

^E^^H ^0 

be a short exact sequence of abelian groups with H countable. We assume that the extension is pure, i.e., for 
any finitely generated subgroup H' C H , there is a homomorphism 6' : H' ^ E such that tt o 0' — idn' ■ 

Write H ~ {/ii,/i2, •■■}■ Consider iJ„ hi, ...,hn >, the subgroup generated by {hi, ...,/i„}. Since i? is a 
pure extension, there is a map 9„ : Hn ^ E such that n o 6n — idH„ ■ Let us call this map 0„ a partial splitting 
map. Denote by t„ the inclusion map from iJ„ to -ff„+i, and set the map 7„ : iJ„ — > £^ by 

7n — 0n+l ° l-n — On- 

It is clear that 7„(i?„) G C E. Therefore, let us regard 7„ as a map from to G. 

Definition 3.15. A partially ordered group G with an order unit is tracially approximately divisible if for any 
a G G, any £ > 0, and any natural number n, there exist b G G such that \T{a — nb)\ < e for any state r of G. 

Lemma 3.16. With the setting as \3.14\ if, in addition, G is a partially ordered group with an order unit which 
is tracially approximately divisible, then, for any e > and any given partial splitting map 0„ with tt o 0„ = id/f^ , 
one can choose a partial splitting map such that \T(-fn{hi))\ < e for any \ < i < n and any state t of G. 

Proof. Pick any partial splitting map : Hn+i — > Ei, and consider the map 7,'^ : Hn G defined by 
Consider the Q-linear map 



7; 



;0id:i/„(g)Q^G(g)( 
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Then it has an extenstion to Q. That is, there is an hnear map tp : Hn+i Q — > G Q such that 



commutes. 

Since is finitely generated, = Z*'''+i0T„+i for some finite abefian group T„+i. Denote by 

{ei, 62, efe„_^i} the standard generators for the torsion free part of Then, for each 1 < i < fc„+i, we have 



for some r^*'' G Q and g^*'' G G 



Write {Ln{hs))ficc = Si s-i^d denote by m = maxjm^''''; l<s<n, l<i< kn+i}- Since G is tracially 
approximately divisible, for each Ci, one can find pi E G such that 

£ 



kn+im 
for any state r of G. 

Define the map (p : — > -f^o(^) C .Bi by sending Cj to and T„_|_i to {0}, and let us consider the map 



Then, the map 6n+i satisfies the lemma. Indeed, it is clear that tt o 9n+i = idij„_,.i • Moreover, for any hg and any 
r, we have 

\T{On+l O tn{hs) - On{hs))\ = |r(^^+i O <,„(/ls) - O t„(/l^) - 6l„(/ls)) | 

= iTtr'nihs) - (P O l-nihs))] 
= kii) O tn{hs) - (f) O tn{hs))\ 

= ^'m''l''\{tp{ei) - Pi) 



as desired. 



□ 



Theorem 3.17. Let A be a unital simple C*-algebra and let B C A be a unital separable C*-subalgebra. Suppose 
that A contains a positive element b with sp(6) = [0, 1], and A has Property (Bl) and Property (B2) associated 
with B and Ab and Ko{A) is tracially approximately divisible. For any Eq e Pext(Ki(A), Ko(B)) and E\ G 
Pext(Ko(A), Ki(B)), there exists a. e Inn(B, A) such that rio{Ma) = Eq and r]i{Ma) = Ei. 



Proof. Write 



and 



Ko{B)+ = {ki,k2,...,k„,...} 
Ki{B) = {/ii,/i2,...,/i„,...}, 
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and consider the subgroups '■=< ki,...,kn > and '■=< hi,...,hn >■ Let {J-i} be an increasing family of 
finite subsets in the unit ball of B with the union dense in the unit ball of B. Assume that for each i, there is a 
projection pi G Mrj(^j) and unitary Zi G Mr^{J^i) with [pj]o = fc, and [zi]i = hi. We may assume that < rj+i, 
i e N. 

We assert that there are unitaries and diagrams 

^Ki (A) ^Eo ^Ko (B) K) 



and 



such that 




for any a e Mr„(w*^„t«„), where w„ = ui- ■ - Un and ui = 1. The image of each 7^ lies inside C{A) so that 
A o 7^ is well-defined, and 

botti(w*2;iW„, u„+i) = A o ^l^{hi) and botto(w*PiW„, = Jnih). 

Moreover, each partial splitting map d^^ {i = 0, 1) can be extended to a partial splitting map 9^^ {i = 0, 1) 
defined on the subgroup generated by Kn U Gq or iJ„ U 5", where Qi {i = 0, 1) is the set of generators of G, 
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{i = 0,1) of Definition 13.61 with respect to ^.y |^.2n+i , -^n, 'Po"\ and j, where Pq = {[pi], [^2], [Pn]} and 
Vi = {[zi], [Z2], [zn]}- Denote by the subgroups generated by Kn U Qo and iJ„ U Qi by Kn and _ff„ respectively. 
Assume that we have constructed the unitaries {ui = 1, U2, "«} and the diagrams 



0- 



-K,{A)- 



-K,{A)- 



-KM) 




and 



-KM} 



Ko{A} 




satisfying the above assertion. 
Denote by 



Sn - Ab(- 



5P 



' n+1 



where Vq = {[pi], [p2], [p„]} and Vi = {[zi], [22], [z„]}. Set 

w^^" ) = diag( u;„ , . . . , Wn) , n=l,2,... 

We note that [pi] = [{wn"'')*piWn"^] and [zi] = [{wn"^)* ZiWn"^], z = 1,2, ... 

Since Eq and i?i are pure extensions, there are partial splitting maps 9^+1 ■ Kn+i —>■ Eq and : Hn+i 
El. Since Ko(A) is tracially approximately divisible, by Lemma [3.16[ the partial splitting map 0n^i can be chosen 
so that for any g £ t/f U {gi, 5„}, 

|t(7^(.9))| < min{5,5„}, for all r e T(A), 

where 6 is the constant of Lemma l3.9l (since A has Property (Bl)). Note that the maps 7° and 7,^^ are defined on 
Kn and iJ„ respectively, in particular, on Go and Gi respectively. 
By Lemma [3.91 one has 

-/iih,) = [U*it)zUit)z*]i e KiiS{A)) 
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for a unitary z e A and a path U{t) e C([0, l],Uoo(^)) with C/q = 1 and || [C/(l), z] || < (5P. Therefore, the map 

Ao7i|^„ -.Hn^KoiA) 

is well-defined, and by Lemma 

|t(A0 71(/i,))| = \T{jlih.))\ < Sr. 

for any r £ T(j4) and 1 < i < n. 

Put &o = 7" and 61 = A o 7^'^. By the assumption that A has Property (B2) associated with B and A^, there 
is a unitary it„+i G A such that 

||K+i,a]|| < 2 o«+i 

for any a £ Mr„ (?«*^nWn) and 

botti(w*ZiW„, u„+i) = A o jl^{hi) and botto(w*KW„, u„+i) = 7°(fci). 

Denote by 6'5j_|_]^ (i = 0, 1) the restriction of (i = 0, 1) to Kn+i and respectively. Repeating this 

procedure, we get a sequence of unitaries {u„} and diagrams satisfying the assertion. 

By Lemma 13.131 the inner automorphisms {Ad(iii ■ • • u„)} converge to a monomorphism a, and the extension 
VoiMa) and ?7i(A/q,) are determined by the inductive limits of 



0- 



-K,{A) 

-k,Ia) 



^Ki{A) © Kn+i- 

7° 



■Kn+l- 




and 




respectively, where 



and 



and therefore. 



7n(fcO = IniiP'i]) = [(w>,U;„)m„+i(w*P,W„) + (1 - W^p^Wn)] 
Inihi) =7«(N) = [V{.R* {Un+l,t),wlZiW.a)], 



7°(fcj) = botto(w*PjW„, Un+i) = 7n(fcj)i 1 < « < '^i 

that is, 7° — 7°. For each cross map 7;^, one has 

A o 7^(/ii) = bott(u;*ZiW„, i?(u„+i, 1)) = bott(w* ZiW„, m„+i) = A o 7^(/ii), \ <i <n. 
Since A is injective, we have that 7^ =7^- Hence, one has that f]o{Ma) = Eq and ?/i(M„) = as desired. □ 
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Proposition 3.18. Let C be a unital AH-algebra and let A be a unital separable simple C*-algebra with TR(A) — 
0. Suppose that there is a unital monomorphism h : C ^ A. Then A has Property (B2) associated with C for 
some Ac as described in[ 



Proof. Fix e > 0, finite subset T <Z C,Vo <Z Kq{C) and Vi C Ki{C). Write C = lini(C„, ipn) so that C„ and V'™ 
satisfy the conditions in 7.2 of [T51. Let Ab{s, J-,Vq,Vi, h) be 6 as required by Lemma 7.5 of [l3] for the above 
e, J^, V = VqU Vi. Let n > 1 be an integer in 7.5 of [l^ so we may assume that 

P C U=oa(V'n,oo)*»(i^^(C„)) 

and let k{n) > n be as in 7.5 of [15] . 

Put Gi — {ipkin) .oo) *i{Ki{Ck(n}) , i — 0,1. In particular, Gi is finitely generated and Pi C Gi, « = 0, 1. 
Let hi : Gi Ki^i(A) be given, i = 0, 1. Write 

^.(C^fc(n) ® C(T)) = X,(C,(„)) © /3(i^,_i(C,(„))), z = 0, 1 and (3.14) 
^(Cfe(„) ® C(T)) = ^(Cfc(„))®/3(^(Cfc(„))) (3.15) 



(see 2.10 of [M]) 

""'^k(n)) iL[A) Dy K^"' = [fto '(/;fe(„)_ooJ- -uenne k,; - : lJ[J\t(Uk(n) 



Define ^(o) : K{Ck(r^)) ^ ^(A) by = [/i o 7^,(„),^]. Define ^ : /3(X,(Cw„))) ^ K,-i(A) by 



for X e i\:,_i(Cfc(„)), i = 0,l. Since C satisfies the UCT, there is k^^) e KK(S{Ck(n)), A) such that r(K(i) 
Define k : K(Cfe(„) (5§ C(T)) ^ ^(A) by = as^ and «;|/3(k(c.(„,) = ^^^^^ ■ 

The lemma then follows from Lemma 7.5 of (TS]. □ 

Lemma 3.19. Let B be a unital separable simple amenable C*-algebra with TR(_B) = which satisfies the UCT, 
and let A be a unital simple C*-algebra with real rank zero, stable rank one and weakly unperforated Kq{A). 
Suppose that R G KL{B,A)^'^ with R{[\b\) < [1a] in Kf){A). Then there is a monomorphism a : B ^ A such 
that 

[a] = K in KL{B,A). (3.16) 

Proof. It follows from the classification theorem ([H]) that i? is a unital simple AH-algebra with slow dimension 
growth and with real rank zero. Then the lemma follows from Theorem 4.6 of 10' immediately. □ 

Theorem 3.20. Let A and B be unital simple C*-algebras with TR(yl) = and TR(i3) = 0. Assume that B is 
separable amenable and satisfies the UCT. Then, for any n G KK{B,A)'^^ with k([1b]) < [1a] in Kq{A), there 
is a monomorphism a : B ^ A such that [a] — k in KK{B, A). 

Proof. Denote by k the image of k in KL{B, A)^. It follows from Lemma [3. 191 that there exists ai G IIom(i?, A) 
such that [ai]KL — R- By considering the cut-down of A by q:i(1b), we can regard i? as a unital C*-subalgebra of 
A with embedding ai. Since k — [ai]i<-i<- G Pex±(K^{B), K^^i{A)), by Theorem 13. 1 7[ there is an approximately 
inner monomorphism a2 of from B to A such that [a2 o ailxK — [c(i]kk — k — [q.i]kk- Then, a :— cti is the 
desired homomorphism. □ 
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Let us recall the following theorem from 

Theorem 3.21 (Theorem 5.2 of [18]). Let C he a unital AH-algebra and let A be a unital simple C*-algebra with 
TR(^) — 0. Suppose that there is a pair k G KL^^C, A)^^ and a continuous affine map X : T{A) Tf{C) which 
is compatible with k. Then there exists a unital monomorphism h : C A such that 

[h] K and /it — X. 

Theorem 3.22. Let C be a unital AH-algebra and let A be a unital simple C*-algebras with TR(A) — 0. Suppose 
that (k, A) £ KKT{C, A)^^ . Then there is a monomorphism (j) : C A such that [cj}] = k and (/)t = A. 

Proof. It follows from Theorem 13.211 that there exists a unital monomorphism ip : C ^ A such that 

[■4;]kl = K in KL{C, A) and (pT = A. 

Then k — [t/j] G Pext{K^,{C), K^,{A)). As in the proof of 13.201 we obtain a unital monomorphism a : ■ip{C) A 
for which 

[ao^]^ [k] in KK{C,A) 
and there exists a sequence of unitaries {«„} C V{A) such that 

lim aduji o 0(c) ^ a o (f)[c) for all c £ C. 

n— *oo 

Put (j) = a o ip. Then 

A(r)(c) = To-(/>(c) = lim r(adu„ oV'Cc)) (3.17) 
= T{a o i/)(c)) = r o 0(c) for aU c G C. (3.18) 

It follows that 



as desired. □ 

Remark 3.23. It was shown in [TB] that there are compact metric space X, unital simple AF-algebras A and 
R G KLe{C{X), A)^~^ for which there is no unital homomorphism h : C{X) A so that [h] = R. Thus the 
information on A is essential in general. In the case that C is also simple and has real rank zero, then the map 
A is completely determined by R since pc{Ka{C)) is dense in Aff(T(C)) and T(C) — Tf (C). If the C*-algebra C 
is real rank zero and exact, without assuming the simplicity, then T(C) = S(A'o(C)), and hence one can define 
the map r : T{A) T(C) by factoring through S{Kq{A)). It is obviously that r is compatible with R. Moreover, 
r(T) is faithful on C for any r G T(A). Indeed, if r(r)(c) = for some nonzero positive element c G C, then 
r{T){cCc) = {0}. In particular, r(r)(p) — for some nonzero projection p G cCc, which contradicts the strict 
positivity of R. 

Lemma 3.24. Let X be a Banach space, and let {a„} be a sequence of isometrics. If each a„ is invertible, and 
lim an{x) and lim a'^^^{x) exist for any x G X, then a := lim an is invertible. 

n — i-oo n — >oo n — >oo 
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Proof. Denote hy f3 ~ lim q;„ . It is clear that a and f3 are isometries. Fix an element x (1 X. For any e > 0, 

n — *oo 

there exists N such that 

||/3(a;) — a^^(x)|| < £ and ||a o /3(a;) — a„ o /3(a;)|| < £ 

for any n > N. Then 

||a o /3(a;) ~ xjl < ||a o a~"'"(x) — a;|| + ||q! o /3(a;) — a o a~-'-(a;)|| 

< ||a o a^"'"(a;) — a„ o + £ 

< ||a o a~^{x) — ao (3{x)\\ + \\a o (3{x) - an o + ||a„ o /3(x) — a„ o a~^(x)|| + e 

< 4£. 

Since e is arbitrary, one has that a o (3(x) = x, and hence a o f3 = id. The argument same as above shows that 
/3 o a = id. Therefore, a is invertible, as desired. □ 

Definition 3.25. Let A be a unital C*-algebra. Denote by KK~^{A, A)'^'^ the set of those elements k £ 
KKe{A, A)^'^ such that k induces an ordered isomorphism between Ko{A) and isomorphisms between K(A). 

Corollary 3.26. Let A be a unital separable amenable simple C*-algebra with TR(^) — and satisfies the UCT. 
Then, for any k G KK'^^{A, A)^^ , there exists an automorphism a £ Aut(A) such that 

[a] — K. 

Proof. By Theorem 13.201 and its remark , there is a monomorphism a — a2 ° ai such that [a] = k in KK(A, A). 
Let us show that a can be chosen to be an automorphism. Let us first show that qi can be chosen to be an 
automorphism. We first choose a unital monomorphism a'l : A A so that [a'] — n hy 13.201 and its remark. 

By the UCT, there is ki € KK^^{A, such that kiXk — kxki = [id^i]. So there is a unital monomorphism 

(3 : A ^ A such that [(3] — ki. Then [/3oq;'] — [a'o/3] — [id-A]. By the uniqueness theorem (2.3of [II ), both/Joa' 
and a' o (3 are approximately unitarily equivalent to the identity. Then, by a standard intertwining argument of 
Elliott, one obtains an isomorphism ai : A A which is approximately unitarily equivalent to a' (see for example 
Theorem 3.6 of [11]). So in particular, [ai] = k in KL{A,A). (This also follows from the proof of Theorem 3.7 
of [TT] that there is an isomorphism ai : A ^ A such that [ai] = k in KL{A,A), using that fact that A is 
pre-classifiable in the sense of jTl], see Theorem 4.2 of [12]). . 

Consider the map a2. Note that ii A = B, then, in the proof of Theorem 13. 17[ the union of finite subsets jr„ 
is dense in A, and the inner automorphisms {Ad(ui • • • u„)} satisfy Lemma 13.241 Therefore, by Lemma l3.24[ the 
monomorphism 0^2 = lim Ad(ui • • • u„) is an automorphism of A. 

n — ^cxD 

Therefore, the map a — a2 o ai is an automorphism of A. □ 

4 Rotation maps 

Lemma 4.1. Let H he a finitely generated ahelian group, and let A be a C*-algebra with pa{Kq{A)) dense in 
Aff(T(A)). Let -ip e Hom(i?, AfF(T(A))). Fix {51, C H. Then, for any £ > 0, there is a homomorphism 

h : H ^ ^'^o(^) such that 

li^igz) ~ PA{h{gi))\ < £ 
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for any I < i < n. 

Proof. Since the map V' factors through H/ H^or, we may assume that H = ^ Z for some k and prove the lemma 
for an {g^} replaced by the standard base {e^; i — 1, Since pa{Kq{A)) is dense in Aff(T(A)), there exist 

ai, a„ e Ko{A) such that 

\ip{ei) - pAiai)\ < e, i = l,...,k. 
The the map h : H ^ Ko{A) defined by 

satisfies the lemma. □ 

Theorem 4.2. Let A be a unital simple C*-algebra with pa{K{){A)) dense in Aff(T(yl)). Assume that there 
is a positive element b A with sp(6) — [0,1]. Let B Q A be a unital C*-subalgehra and denote by l the 
inclusion map. Suppose that A has Property (Bl) and Property (B2) associated with B and Ab- For any 
Tp G Hom(ifi(_B), Aff(T(A))), there exists a G Inn(_B,yl.) such that there are maps 9i : Ki{B) — > Ki(Ma) with 
T^o ° Oi — id_R-;(s), « = 0, 1, and the rotation map Ri,,a '■ Ki{Ma) Aff(T(j4)) is given by 

R.Ac) = Pa{c - 0i([7ro]i(c))) + ^([7ro]i(c)), Vc G ifi(A/„(A)). 

In other words, 

[a] = [i] 

in KK{B,A), and the rotation map Ri,a ■ Ki{Ma) — > Aff(T(A)) is given by 

R,A"',b) = pA{a) +i>{b) 
for some identification of Ki{Ma) with Kq{A) © Ki(B). 
Proof. Write 

Ki{B) = {51,52, ■•■,5«, ■•■}, 

KoiB)+ = {fci, fc2, kn, ...}, 

and denote by _ff„ =< 51, 5„ >, the subgroup generated by {51, 5^}, and Kn =< fci, /c„ >, the subgroup 
generated by {fci, ...,fc„}. Let {J-i} be an increasing family of finite subsets with the union dense in B. Assume 
that for each i, there is a unitary Zi and a projection in yLr-{J-i) for some natural number such that [zi]i — gi 
and [pi] = ki. Without loss of generality, we may assume that ri < r^+i, i G N. In what follows, if w G A, by w*^™-', 

m 

we mean ti(™) = diag(?;, v^..., v). 

We assert that there are maps {hi : Hi Kii{A)\ i G N} and unitaries {ui\ i G N} such that for any n, if 
denoted by w„ = Ui - ■ ■ (assume w_i = = 1), one has 

1. For any X G {51, ...,5i} U C/J', 

\PA o h.n{x) ~ ij){x)\ < 

where 

,5„ = Ab( , ,.F„,pW,pW,AdK_i)oO 

' ^ 

for Pn'' — {ki, k2, kn} and Vn'' ~ {gi, 92, 9n}, S the constant of Lemma 13.91 fsince A has Property 
(Bl)), and Qi is the set of generators of Gi of Definition 13.61 with respect to :p-^;rTT,^n,'Pn\'Pn\ and l). 
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2. For any a e fi;*_2^„w„-i, 

||[u„,al|| < 



where w„ = Ui...u„, and moreover, the image of 0„ ft.n+i|_ffn ^ lies inside C{A) so that A o 0„ is 
well-defined, and 

botti((ti;,^j''"])*ZiW,^''"j, u„) = A o (?!)„(gi) and hotto{{w';["l)*piW^^"l,Un) = 
for any i — 1, n. 

If n = 1, since pa^Kq^A)) is dense in Aff(T(y4.)), by Lemma [4. 1[ there is a map h\ :< {gi} U Q\ >^ Ko{A) 
such that for any x G {51} U Gi 

|^(x)-p^(/.i(x))|<M, 
and a map /i2 :< {<?i,52} U G2 >^ Kq{A) such that 

for any cc G ^2} U ^/2- For the function 

we have that \T{4>i{gi))\ < min{5. Si} for any r e T(yl) and hence (f>i{gi) G C(A) by Lemma By Lemma [531 

|T(Ao0i(a:))| = \TiMx))\ <Si 

for any r G T(y4) and any x G t/i. Since A has Property (B2) associated with B and A^, there is a unitary 
Ml G V{A) such that 



[ui,a]]\ < ^ Va G J^i, 

ri ■ I 



and 

botti(zi, ui) = A o and botto(pi, ui) = 0. 

Assume that we have constructed the maps \hi : Hi Kq{^A)\ i = 1, n} and unitaries \ui\ z=l,...,n — 1} 
satisfying the assertion above. By by Lemma im there is a function /i„+i :< {gi, (7n+i}UtJ"U^/"^^ >^ K^i^A) 
such that for any x G {gi, ...,5„+i} U tj" U ^J"^^, 



where 



= {fci,A:2,---,fcn+i} an-dvl^li = {gi, 52, 
Recall that (/>„ = /i„+i|//„ — Then, a direct calculation shows that for any r G T(^), 

|r(A o (/)„)(x)| = |T((?!)„(a;))| < min{(5, (5„+i} 

for any x G Since A Property (B2) associated with B and A^, there is a unitary u„ G V{A) such that 

||K,w*_iaw„_i]|| < ^3-^^, Va G J^„, 
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and 

botti(Ad(w„_i) o i, u„)|p^) =Ao0„ and botto(Ad(ii;„_i) o u„)|p(^o) =0. 
This proves the assertion. 

By Lemma 13.131 Ad(w„) converge to a monomorphism a : B ^ A. Moreover, the extension r]Q(Ma) is trivial, 
and r]i{Ma) is determined by the inductive hmit of 

^KoiA) ^^o.(^) © Hn+i ^Hr,+i K) 

7ti 



0- 




where 7„(gi) = [p(i?*(w„+i, t), w*ZiW„)]. However, since 

A o7"(5i) = botti(Ad(w„_i) o L,Un)igi) = Ao 0„(gi), 



Jn — V^n ■ 



by the injectivity of F, we have that 7„ 

We assert that r]i{Ma) is also trivial. For any n, define a map 0^ : ^ Ki{AIa) by 



5^(5) = (/in (5), 5))- 



We then have 



C+iOi„^„+l(5r)-6i;(5r) 

(5)) 

(5), (5)) 

= 0, 

and hence {9'^) define a homomorphism 61 : Ki{B) Ki{Ma). Moreover, since tt o 6*1 = idxi{B)i the extension 
7?i(M„) splits. Therefore, [a] = [l] in KK{B,A). 

Let us calculate the corresponding rotation map. Pick [zi] — gi for some gi G Hm. To simplify notation, 
without loss of generality, we will use a for a (g) idM^(c) on B (E) Mr{C) for any integer r > 1. Take a path v{t) in 
M2ri{A) from to a{zi) as follows 



= R*i2t) 

for i e [0, 1/2] and 
for t € [1/2, 1], where 



{W^rn^'^^y 



R{2t) 



Z^ 

1 



^*(2t) ( ' ) i?(2t) 

\ win / 



= (u;,W^»)*z.u;(^(')) exp((2i - l)c„) 



cos(f) sin(f) 
-sin(f) cos(f) 



and Cm = log((z«L"(^»)*z>L"(^»a(z,)). 
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Then, for any r £ T(j4), we have 

r{v{t)v*{t))dt = T(log((«;Oj«))*<t«(;:W)a(^0)) 



= lim r(log((t«(;W))*^*w;(;W)Ad«;i'-W)(^,))) 

n — *oo 

k=0 

k=0 

oo 

= $:r(botti((u;Ltlli)*<^LtLi,w)). 



k=0 

Then, by the choice of we have 



OO 



fe=0 



r(/iTO+fc+i(g'j) - hm+k{9i)) 



k=0 



i'igi) -T{hm{9i))- 



Thus, 



-Rai(M) = V'(S'i) - PA o hm{gi) 

= V'(ko(^')]) + PA(-/im(.%)) 

= V(koW])+PA((0,ft)-C(.9.)) 

= V([7roW])+p^(M-0i([7ro(t;)])), 

as desired. □ 

Corollary 4.3. Let A be a unital simple C*-algebra with T'R{A) = and let B C A be an AH-algebra and denote 
by L the inclusion map. For any £ Hom(/i'i(B), Aff(T(^))), there exists a G lnn{B,A) such that there are 
maps 6i : Ki(B) — > Ki{Moi) with -kqo6i= idj<:,(B), i = 0, 1, and the rotation map R^^a '■ Ki{Ma:) — >■ Aff(T(j4)) is 
given by 

i?.,a(c) =PA(c-0i([7ro]i(c)))+V(Mi(c)), Vc € i^i (M„ ( A) ) . 

In other words, 

[a] = [.] 

in KK{B,A) and the rotation map R^^a '■ Ki{Ma) — >■ Aff(T(A)) is given by 

RiAo-M = PA{a)+i>{b) 
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for some identification of Ki{Ma) with Kq{A) © Ki{B). 

Proof. It follows directly from Lemma 5.2 of [IS], Theorem 14.21 and Proposition 13. 181 □ 

Definition 4.4. Fix two unital C*-algebras A and B with T(A) ^ 0. Let 7^o be the subset of Hom(i^i(B), Aff(T(A))) 
consisting of those homomorphisms h G Hom(_ft'i(_B), Aff(T(A))) such that there exists a homomorphism d : 
Ki{B) Kq{A) such that 

h = Pa o d. 

Then Uq is clearly a subgroup of Hom(ii'i(B), Afr(T(A))). 

The following is a variation of Theorem 10.7 of [15] . 

Theorem 4.5. Let C he a unital AH-algebra and let A be a unital separable simple C*-algebra with TR(A) = 0. 
Suppose that (/), ip : C A are two unital monomorphisms such that 

14'] = m 

in KK{C,A) and, for all r G T(A), 

r o </) = T o -0. 

Suppose also that there exists a homomorphism 9 £ }iom{Ki(C), Ki{M(i,^^)) with (ttq)*! o9 ~ ^<iKi{c) such that 

R^^^oOeTZa. (4.1) 
Then (j) and ip are asymptotically unitarily equivalent. 
Proof. We may write 

KiiM^^^)^Ko{A)®e{Ki{C)). 
Let h = o 9. If there is a homomorphism d : Ki (C) Kq (A) such that h = pA o d, define 

9' ^9-d. 

Note that is a homomorphism, and (tto)*! o 9 = iAKi{c)- Then 

R^4, o9' ^ R^^^ o 9 ~ PA o d = 0. 

Since [(j)] = [ip] in KK{C,A), there exists an element 9o e ilom\{K_{C), K_{M^^^)) such that [ttq] o [6*0] = 
[id^(C)]. Define 9'^ : MC) ^ if^(M^,^) by 0^,|ki(c) = 6' and 9'o\ko(C) = ^oko(C)- By the UCT, there exists 
9'f^ e KL{C,M^,^) such that T{9'^) = 9'^, where F is the map from KL{C,M^^^) onto BomiK^C), K^{M^^^)). 
We will use the identification 

KL{SC,M^^^) = HomA(^(SC),^(M^,^)). 

(see [U). Put 

xo = [tto] 06*0 - [idK(c)]- 
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Then r(xo) = 0. Define Oi = 9'^ - 6*0 o £ YLomt^{K{C), K{M^^^)). Then one computes that 

[tto] o 6*1 = [tto] o 6*0 - [tto] o 6*0 o (4.2) 
= ([idif(C)] + xa) - [id_ff(c)] o a;o (4.3) 
= [idif(c)] + xo - xo = [id/f((7)]. (4.4) 

Moreover, 

r(6'i)|Ki(c) = 61'. 

In particular, 

o (6'i)xi(c) = 0. 

It follows from Theorem 10.7 of [15] that (f) and are asymptotically unitarily equivalent. □ 

Remark 4.6. In 14.51 the condition that such 9 exists is also necessary. This follows from Theorem 9.1 of [TS]. 

Definition 4.7. Let A be a unital C*-algebra, and let C be a unital separable C*-algebra. Denote by Mon^g„(C, A) 
the set of asymptotically unitary equivalence classes of unital monomorphisms. 
Denote by K the map from Mon^^„(C, A) into KKe{C, A)++ defined by 

0^ [0] for aU 0eMon:,JC,^). 

Let K G KKe{C, A)++ . Denote by (k) the classes of G Mon[jg„(C, A) such that K{(j)) = k. 
Denote by K the map from Mon^,„(C, A) into KKT{C, A)++ defined by 

^ m,<j>T) for aU e Mon:,„(C, A). 

Denote by (k. A) the classes of e Mon^3,j(C, A) such that K{(j)) — (k, A). 

Theorem 4.8. Let C be a unital AH-algebra and let A be a unital separable simple C*-algebra with TR(A) = 0. 
Then the map Ic : Monl^^{C,A) KKT{C,A)++ is surjectwe. Moreover, for each {k, X) G KKT{C,A)++ , 
there exists a bisection 

r, : {k,X) ^Rom{K,{C),AS{T{A)))/TZo. 

Proof. It follows from 13.2^ that K is surjective. 

Fix a pair (k. A) G KKT{C, yl)++ and fix a unital monomorphism (j) : C ^ A such that [</)] = k and 0t = 
For any homomorphism 7 G IIom(ifi(C), Aff(T(j4))), it follows from 14.21 that there exists a unital monomorphism 
a G Inn(0(C), A) with [aocf)] — [(/>] in KK{C, A) such that there exists a homomorphism 9 : Ki{C) M^ qo^ with 
(ttq)*! o9 — id/f j(c') such that i?0,Qo0 o9 ~ j. Let ip = ao<f>. Then i?^,,^ o9 — j. Note also since a G Inn(0(C), v4), 
V'T = '/'T- In particular, K{il}) = K{(j)). 

Suppose that 6*' : Ki{A) — > Ki{M^^^) such that (ttq)*! o 9' = idKi{c)- Then 

(0'-0)(ifi(C)) cifo(A). 

It follows that o 0' — o 9 ^TZq. 
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Thus we obtain a well-defined map 77 : ([</)], 0t) Ilom{Ki{A), AS{T{A)))/TZo. From what we have proved, 
the map rj is surjective. 

Suppose that (/>i,^2 : C — > A are two unital monomorphisms such that 4'i,4>2 G {[4']j4't) E^nd 

where 6*1 : i^i(C) ^ Ki{AI^^^-,^) and 6*2 : -f'^i(C') Ki{M^^^^) are homomorphisms such that (7ro)»i o 9i = 
(tto)*! o 62 ~ idjfj(c'), respectively. Thus there is 5 : Ki{C) ^^0(^4) such that 

Rtj},tj}2 ° ^2 - R<t>,(t>i o 9i = PA o 6. 

Fix z e ifi(C) and let u e A4(C) such that [u] = z in /-i:i(C). Let U{9i,z){t) e IJ{Mn{M^^^J) be a 
unitary represented by 0i(z). We may assume that > fc. It is easy to see that U{Oi,z){t) is homotopic to a 
unitary Vi9i,z){t) e U(MAr(M^,0j) with y(6»i,z)(0) = diag(0(M), ljv_fe) and F(6l2,z)(l) = diag(0i(w), lAr_fe) 
(by enlarging the size of matrices if necessary). In particular, (6*1,2)] = di{z) in Ki{Mci,,^-^). Similarly, we may 
assume that there is a unitary V{92,z) e lJ(Mf^{M^^^2)) with V{92,z){Q) — diag(0(u), Ijv-fc) and V{92,z){l) — 
diag(02(w), Ijv-fc) which is represented by 92iz) in Ki{M^^^^). 

Now define 

{v{9i,z){l-2t) for t e [0.1/2] 
V{9^,z){t)^{ (4.5) 

[V^(6'2,z)(2t- 1) for t e (1/2,1], 

Note that ^^(6*3,2) G U(Mjv(M"0,^0j). 

Define the homomorphism ^3 ; Ki{C) Ki{M^^,^^) by 

9^{z) = [V{9i,z)] for aU z K^{C). 

It follows that 

(tTo)*! o9i = (tTq)*! O fill = idKj(C)- 

Moreover, a dirct calculation shows that 

-^01,02 ° ^3 = ^0,02 ° ^2 — ^0,01 ° ^1 = /OA ° iJ- 

It follows from Theorem l4.5l that V'l and V'2 are asymptotically unitarily equivalent. Therefore, rj is one to one. □ 

Corollary 4.9. Let C he a unital separable amenable simple C*-algebra with TR(C) = which satisfies the UCT 
and let A be a unital simple C*-algebra with TR(^) = 0. Then the map K : Moii'^^^{C , A) — > KKf,{C,A)^^ is 
surjective. Moreover, the map 

77 : m ^ Hom(iri(C), Afr(T(A)))/7eo 

is bijective. 

Proof. It follows from 14.8) that it suffices to point out that in this case pc{Ko{C)) is dense in Aff(T(C)) and 
Tf(C) = T(C). □ 
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Corollary 4.10. Let A be a unital separable amenable simple C*-algebra with TR(^) = which satisfies the 
UCT. Then the map K : Aut(A) KK'i^^{A,A)'^^ is surjective. Moreover, the map 

77 : (id^) ^ Honi(i^i(A), Aff(T(A)))/7^o 

is bijective. 



Proof. This follows from [326] and [12] as in the proof ofSM □ 



5 Classification of simple C*-algebras 

Denote by Q the UHF algebra with Ko{Q) = Q with = 1. If p is a supernatural number, let Alp denote the 
UHF-algebra associated with p. 

Lemma 5.1. Let B be a unital separable amenable simple C*-algebra such that B®Q has tracial rank zero. Let A 
be unital separable amenable simple C*-algebras with tracial rank zero satisfying the UCT, and let ipi,ip2 : A ^ B 
be two homomorphisms. Suppose that (f),^ : A ^ B ® Q are two unital monomorphisms such that 

[4)] = [%!)] in KK{A,B ®Q). 

Suppose that (j) induces an affine homeomorphism (pT ■ T{B Q) — > T(A) by 

(j)T{T){a) = T o (j)[a) for all a e Ag.a 

and for all r G T(i? ® Q). Then there exists an automorphism a G Aut((/)(A), with [a] = [id^^^-j] in 

KK{(j){A), 4>{A)) such that a o (p and ip are strongly asymptotically unitarily equivalent. 

Proof. The proof is exactly the same as that of the proof of Lemma 3.2 of 16J but we apply instead of 4.1 of 
[8] so that the restriction on Ki{A) [i — 0, 1) can be removed. □ 

Definition 5.2. Let C and A be two unital C*-algebras. Let p , ij] : C ^ A he two homomorphisms. Recall that 
<j) and "0 are said to be strongly asymptotically unitarily equivalent if there exists a continuous path of unitaries 
{u{t) : i e [0, 00)} such that ii(0) — 1 and 

lim &du{t) o 0(c) — ijj{c) for all c <E C. 

t — >oc 

Lemma 5.3 (Theorem 3.4 of [16|). Let A and B be two unital separable amenable simple C*-algebras satisfying the 
UCT. Let p and q be supernatural numbers of infinite type such that Alp >Si = Q. Suppose that A(i) Alp, A(i) Mc^, 
B (8> ALp and B ® Mq have tracial rank zero. 

Let CTp : j4 Alp ^ _B eg) Alp and pq : A>S) Alq ^ B ® AI^ be two unital isomorphisms. Suppose 

= [P] 

in KK{A ® Q,B ® Q), where a = ap (E) idAf, and p — p^® idMp • 
Then there is an automorphism a e Aut(crp(A ® Alp)) such that 

[a o ap] = [ap] 

in KK{A (g) Mp, B ® Mp), and ao ap ® idi/q is strongly asymptotically unitarily equivalent to p. 
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Proof. It follows from 15. ll that there exists /3 G Aut(i3 ® Q) such that /3 o ct is strongly asymptotically unitarily 
equivalent to p. Moreover, [/3] = [idsgiQ] in KK{B®Q,B®Q). Now consider two homomorphisms o-p and /3o(Tp. 
One has 

[/? o CTp] = [cTp] in KK{A ®Mp,B®Q). 

Since Cp is an isomorphism, it is easy to see that ctt : T(_B ® Q) ^ T(A ® Mp) is an affine homeomorphism. 

By applving IS . II again, one obtains a £ Aut((Tp(A®Afp)) such that [a] — [id^p] in i^_ft'(CTp(j4(X)A^p), (Tp(A(X)Mp)) 
and a o <Tp is strongly asymptotically unitarily equivalent to /3 o o-p . 

Define /Joap^idM, : A®Mp®M^ {B®Q)(S)Mq. It is easy to see that f3oap®idi\f^ is strongly approximately 
unitarily equivalent to P o a. 

Note that a{A(^ Mp) — B ® Mp. Let a' ~ aoap® idM, • It follows that a' is strongly asymptotically unitarily 
equivalent to (5 o a. Consequently cr' is strongly asymptotically unitarily equivalent to p. □ 

Theorem 5.4. Let A and B be two unital separable amenable simple C*-algebras satisfying the UCT. Suppose 
that there is an isomorphism 

k:{Ko{A),Ko{A)+,[1a],Ki{A)) ^ {Ko{B), Ko{B)+,[1b], Ki{B)). 

Suppose also that there is a pair of supper-natural numbers p and q of infinite type which are relative prime such 
that Mp Mq = Q and 

TR{A (g, Mp) = TR{A (g, = TR{B (g, Mp) = TR{B (g M^) = 0. 

Then Ag) Z ^ B g) 2. 

Proof. The proof is exactly the same as that of Theorem 3.5 of [16] but we now applv ISTSl instead. □ 

Corollary 5.5 (Corollary 8.3 of ^245). Let A and B be two unital separable simple ASH-algebras whose projections 
separate traces which are Z-stable. Suppose that 

{Ko{A)J<o{A) + ,[1a],Ki{A)) ^ {Ko{B),KoiB)+,[lBiKi{B)). 

Then A^B. 

Proof. As in the proof of 6.3 of [24], A(S)C and B®C have tracial rank zero for any unital UHF-algebra C. Thus 
Theorem 15.41 applies. 

□ 

Corollary 5.6. Let A and B be two unital separable simple Z-stable C*-algebras which are inductive limits of 
type I C*-algebras with unique tracial states. Suppose that 

[Ko[A),Ko[A)+,[1a].K^{A)) -> (/^o(S),A-o(i?)+,[lB],/^i(B)). 

Then A^B. 

Proof. For any UHF-algebra C, A ^ C is approximately divisible. Since A has a unique tracial state, so does 
A^C. Therefore projections oi Ag)C separate traces. It follows from [21] that Ag) C has real rank zero, stable 
rank one and weakly unperforated Ko{A g) C). Moreover, Ag) C is also an inductive limit of type I C*-algebras. 
It follows from Theorem 4.15 and Proposition 5.4 of 13J that TR(yl g)C) ^ 0. Exactly the same argument shows 
that TR{B g)C) = 0. It follows from Theorem [SH that A = B. □ 
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